We study the use of squeezed light for qubit coherent control and compare it with the coherent state control field case. We calculate the entanglement between a short pulse of resonant squeezed light and a two-level atom in free space and the resulting operation error. We find that the squeezing phase, the phase of the light field and the atomic superposition phase, all determine whether atompulse mode entanglement and the gate error are enhanced or suppressed. However, when averaged over all possible qubit initial states, the gate error would not decrease by a practicably useful amount and would in fact increase in most cases. We discuss the possibility of measuring the increased gate error as a signature of the enhancement of entanglement by squeezing.
I. INTRODUCTION
The coherent control of a two-level atom in free space with resonant laser fields is important both from a fundamental as well as a practical standpoint. In particular, for quantum information processing purposes, where the two-level atom encodes a single quantum bit (qubit), coherent control accuracy plays a crucial role. Faulttolerant quantum error correction schemes, necessary for large scale quantum computing, demand that the error in a single quantum gate is below a certain, typically very small, threshold [1] .
In recent years the fundamental limitation to qubit control accuracy imposed by the quantum nature of the control light fields has been the focus of several studies [2, 3, 4, 5, 6, 7] . For a coherent state of light (CL), where both phase and amplitude fluctuations are at the standard quantum limit (SQL), it was found that the gate error is determined by the qubit spontaneous decay rate. At a time shorter than the qubit decay time, part of that error can be interpreted as due to entanglement between the control field mode and the qubit (forward scattering).
This entanglement is a measure of the information on the atomic state carried away by the pulse field and could, in principle, be exploited as a resource in quantum communication schemes. For a CL pulse of duration τ , the entanglement, measured by the tangle T , was found to be [6] , T ∼ τ ∼ 1/ √n , wheren is the average number of photons in the pulse. Thus, in agreement with the correspondence principle, quantum entanglement becomes very small as the pulse approaches the classical limit, i.e. n ≫ 1.
It is therefore natural to ask whether a control with non coherent light field states would reduce or increase both the operation error and atom-light mode entanglement. In this paper we investigate the fundamental quantum limitation to the fidelity of qubit coherent control with squeezed light (SL) fields. As opposed to CL, SL has phase-dependent quantum fluctuations, where one field quadrature has reduced and the other increased fluctuations compared with the SQL. Reduced phase fluctuations of squeezed light have been shown to, in principle, improve the fundamental limitation to phase metrology accuracy [8, 9] . The use of squeezed light states was also shown to be beneficial for continuous variable quantum key distribution [10, 11, 12] . Here, we explore the possible advantage of the use of squeezed light for qubit coherent control. Both the error of a single-qubit quantum gate and the entanglement between the atomic qubit and the SL mode are calculated.
Atom-SL interactions were studied extensively in the past [13, 14] . In most cases the atomic dynamics was found to be modified in a squeezing-phase-dependent way. Gardiner [15] found that a two-level atom damped by a squeezed vacuum reservoir exhibits squeezing-phasedependent suppression or enhancement of atomic coherence decay. Carmichael [16] added a coherent field that drives the atom and showed that the dynamics of the atomic coherence depends on the squeezed vacuum and the coherent driving field relative phase. Both assumed a broadband squeezed vacuum reservoir whereas the finite bandwidth case was studied in [17] . Milburn, on the other hand, studied the interaction of a single-mode SL with an atom using the Janes-Cummings model and found a squeezing-phase-dependent increase or decrease of the collapse time [18] .
Here we assume a qubit that is encoded in an atomic, two-level, superposition and a control field that is realized with a pulse of SL in a single electromagnetic (EM) field mode and of duration shorter than the typical atomic decay time, in free space. We find that the squeezing phase, the phase of the light field and the atomic superposition phase, all determine whether atom-pulse mode entanglement and the gate error are enhanced or suppressed. It is found that, although reduced for certain qubit initial states, when averaged over all possible states the minimal gate error is comparable to that with CL fields.
The paper is outlined as follows. Section II describes a general model of the interaction between a light pulse and an atom in free space within the paraxial approximation. In Sec. III the pulse mode is assumed to be in a squeezed state and its effect on the atom is examined.
Atom-pulse entanglement as well as the operation error are calculated. Some aspects of possible experimental realization are discussed in Sec. IV where our results are also briefly summarized.
II. GENERAL MODEL AND APPROACH
We describe the interaction of a two-level atom with a quantized pulse of light propagating in free space. Classically the propagation of such a pulse is well approximated by a paraxial wave equation. A paraxial formalism for quantized pulses was described in [4, 19, 20] . We briefly describe the paraxial model following a similar approach to that in [4] . The derivation of this approximation is outlined in the appendix, where we start from the basic atom-field Hamiltonian in free space and get to the model described below.
A. The pulse mode
Consider a laser pulse traveling in the z direction and interacting with a well-localized atom or ion at position r a . This pulse is a wave packet of Fourier modes around some wave vector k 0 = k 0 z, where z is a unit vector pointing to the z direction, i.e. it is composed of a carrier wave vector k 0 and a slowly varying envelope. The pulse is assumed to propagate with a small diffraction angle, so that the paraxial approximation is valid. A natural description for such a pulse is as a superposition of Gaussian beams with a well-defined transverse area A at the position of the atom, each with wave number k 0 + k, where k ≪ k 0 , analogous to a narrowband wave packet of Fourier modes in 1d. In this approximation the pulse is effectively a one-dimensional beam with transverse area A similar to a Gaussian beam. The envelope of the pulse mode, ϕ f0 (z), is a function of width cτ where τ is the pulse duration and c the speed of light. The field operator assigned to this pulse mode isâ f0 .
B. Interaction picture and the atom-pulse bipartite system
We start with the full atom-field Hamiltonian in free space,Ĥ
where kµ are the indices of a Fourier mode and its polarization respectively, and g kµ are the atom-mode couplings. Here theσ operators are the spin 1/2 Pauli matrices and ω a is the energy separation between the two atomic levels. Moving to the interaction picture with respect to the interactionĤ AF in the rotating wave approximation, assuming no detuning ω 0 = k 0 c = ω a , and using the paraxial approximation, we get the Hamiltonian in the interaction picture (see appendix)
where the indices {r} denote all the free space EM modes apart from the f 0 pulse mode, with couplings g r which are in general time dependent. The f 0 mode coupling is
where z a is the atom's position. In Eq. (2) we assume both the envelope of the pulse ϕ f0 (z) and the dipole matrix element d to be real and set z a = 0. A similar model Hamiltonian was also used in [2, 6] where the entanglement between a CL pulse and an atom was calculated. Note that the time dependence of the atom-pulse coupling g f0 (t) is identical to that of the pulse, the pulse therefore switches the interaction on and off.
The relevant bipartite system is composed of the atom and the f 0 light mode, coupled byĤ S . The rest of the EM modes except for f 0 , {r}, make up a reservoir that interacts with the bipartite system via the coupling with the atom.
III. SQUEEZED LIGHT PULSE OPERATING ON AN ATOM
We consider a pulse of squeezed light operating on an atom. The pulse's average field changes the atomic superposition coherently. In a Bloch sphere representation this corresponds to a rotation of the Bloch vector. The quantum fluctuations of the field lead to atom-pulse entanglement and add a random component to the average operation. We wish to analyze and calculate the error caused by quantum fluctuations as well as the degree of atom-pulse mode entanglement. The model outlined in Sec. II is sufficiently general to describe a pulse in any quantum state and its interaction with the atom. In [2, 6] calculations for CL state were performed. In this Section we will discuss quantum pulses of SL interacting with a two-level atom. The general formalism is presented in Sec. III A. In Sec. III B we consider a rotation of the Bloch vector by 180 degrees about an axis lying in the Bloch sphere equatorial plane (a π pulse) as an example and neglect the reservoir (i.e. the rest of the EM modes). This allows to obtain analytic expressions for the atom-pulse entanglement which, in this case, is the sole generator of gate error. For longer pulses, reservoir effects become increasingly dominant for both entanglement and error generation. In Sec. III C we obtain the results in the presence of the reservoir, i.e. including spontaneous emission into all modes.
A. Unitary transformations and master equation
In order to determine the final state of the bipartite photon pulse-atom system in the presence of the reservoir of free EM modes, an appropriate master equation should be used.
Initial state
Here we assume the light mode f 0 to be a single pulse mode in a squeezed state and choose the following initial state for the EM field
Here
is the squeezing operator with the squeezing parameter
is the displacement operator with the field average α = |α|e iθ . The phases φ and θ together with the phases associated with the initial state of the atomic qubit will play an important role in the following.
Unitary transformations
It is convenient to transform the problem into a representation where the initial state of the pulse mode is the vacuum state. To achieve this, we first use the Mollow transformation [21, 22] and move the average field α from the initial state into the Hamiltonian. This affects only the termĤ S in the Hamiltonian (2) which becomeŝ
We then make a time-independent Bogoliubov transformation,Ŝ † (ε)ĤŜ(ε). This again affects onlyĤ S which becomes,
Hereâ ≡â f0 , s = sinh(r) and c = cosh(r). In this representation the initial state of all the EM modes is the vacuum state. The Hamiltonian (9) includes two types of driving terms. The second term in (9) describes an atom driven by the average field and therefore contains no EM field operators. The first term in (9) describes interaction with the EM squeezed vacuum. Unlike the coherent state case, it includes terms likeâ †σ + similar to those that are typically neglected in the rotating wave approximation. Here however, such terms appear as a result of squeezing, and indeed vanish for r = 0. These terms reflect the fact that unlike the ordinary vacuum the squeezed vacuum contains photons that can be absorbed by the atom.
Master equation
We now examine a particular case of a π pulse of duration τ . In a Bloch sphere representation and within our notations, the average field of such a pulse rotates the Bloch vector by 180 degrees about an axis, lying in the sphere equatorial plane, in an angle θ from the y axis. For a constant interaction coefficient g this requires |α|gτ = π/2. The time-dependent interaction coefficient g f0 (t) from Eq. (3) includes the pulse profile, which is assumed to be approximately constant during the time interval τ and vanishing elsewhere. We set t = 0 to be the time at which the pulse reaches the atom so at t = τ it has already passed it,
Here κ = d 2 ω 0 /(2ε 0 Ac) is the atomic decay rate into all the paraxial modes of the same transverse profile as the f 0 pulse mode [4] . The dynamics during the pulse is then approximately governed by,
whereŴ is the dimensionless operator that describes the quantum field part of the atom-pulse interaction,
The corresponding master equation for the bipartite system density matrix,ρ(t), in the presence of the reservoir is
where Γ is the atomic decay rate in free space.
This master equation assumes a Markovian reservoir, i.e. a reservoir with a very short correlation time. Such assumption is not obvious for the free space EM reservoir that lacks a single pulse mode, like the one we consider. This rather artificial reservoir has a correlation time of the order of the pulse duration τ . In section IV B of [6] , a similar Markovian equation was written for a CL pulse and was then solved perturbatively for κτ ≪ 1. In fact, in [23] it was found that the assumption (gτ ) 2 = κτ ≪ 1 is actually a necessary condition for the validity of the Markovian assumption and the Master equation (13), together with the condition κ ≪ Γ. An intuitive argument for the requirement (gτ ) 2 = κτ ≪ 1 can be based on the time scales related to the pulse mode that is excluded from the reservoir. While the correlation time of the reservoir is τ , this correlation's effect on the dynamics should be of the order of κ. Therefore Markovian dynamics is obtained by requiring κτ ≪ 1. Markovian time evolution guarantees that the probability of successive reabsorptions and reemissions of photons from and into the f 0 mode, typical of the Janes-Cummings dynamics, are negligible as it should be in free space.
The initial bipartite state,ρ(0) = |σ, 0 σ, 0|, where |σ denotes any atomic qubit state and f 0 is in the vacuum 0, is pure and separable. Solving Eq. (13) for t = τ yields the bipartite density operatorρ(τ ) from which properties like atom-pulse entanglement can be calculated.
B. Entanglement and error probability calculations neglecting the reservoir
We start by considering a pulse duration which is much shorter than the atomic decay time Γ −1 . An analytic solution to Eq. (13) can be found in this case by neglecting the reservoir. In this short pulse limit, the probability to absorb a photon from the pulse and then to emit one to the reservoir is negligible. Then, one can indeed neglect any modification to the atom-pulse entanglement due to the presence of the reservoir. However, gate error calculated in this approximation is induced only by the quantum fluctuations of the pulse mode. We note that at least for the CL case, this error is a relatively small part of the total error which is mostly due to spontaneous photon emission to the reservoir EM modes.
Bipartite wave function calculation
Neglecting the reservoir, Eq.
(13) becomes a Schrödinger equation, the solution of which at t = τ is |ψ(τ ) =Û (τ )|σ, 0 , wherê
is the propagator for t = τ . Here θ = 0 is chosen and λ ≡ cosh(r) √ κτ . We now take the assumption κτ ≪ 1 one step further and require λ ≪ 1. This puts a limit on the magnitude of the squeezing parameter r. As will be shown later, in the paraxial approximation where κ is small and with presently available squeezing technology, this is a very good approximation. Looking at the propagator in Eq. (14) one notes that initially the matrix elements ofŴ are O(1) soÛ (τ ) can be expanded in powers of λÛ
wherê
...
and where we definedÛ
Using this approach we calculate the final states for various initial states of the atom. We find that up to O(λ 2 ) it is enough to work in the truncated bipartite basis that includes only 4 states: {|g, 0 , |g, 1 , |e, 0 , |e, 1 }. States of the form |σ, 2 do appear in the expansion. However, in our calculations of the entanglement and gate error they do not contribute up to and including O(λ 2 ) and are therefore omitted. We thus end up with a truncated basis that, following the perturbative assumption, includes only a single photonic excitation in the pulse mode, as argued in [6] . The resulting final state |ψ is not normalized, we therefore expand the normalization factor n(λ) = 1/ ψ|ψ to second order in λ and use it to normalize the state.
Entanglement calculation
We measure the entanglement of the bipartite state using the tangle monotone which is related to the square of the concurrence [24, 25] and compare our results for SL pulses with those obtained in [6] for CL pulses.
For a pure bipartite state |ψ of two subsystems A and B and where one of the subsystems is a two-level system, the tangle takes the form [26] 
We calculate the atom-pulse tangle for various atomic initial states up to O(λ 2 ), by inserting the normalized final state, calculated using Eq. (16), into Eq. (17) . For atomic initial states |g and |e we get
For a CL pulse, i.e. s = 0 and c = 1, the tangle is given by T ≈ κτ , which is the same as calculated in [6] . For non-zero squeezing this result is rather strongly modified and in particular the tangle depends on the squeezing phase φ. As an example when e r ≫ 1 and therefore s/c is close to unity, we obtain T ≈ 2c 2 κτ [1 − cos(2φ)]. This expression has a typical interference pattern which will be discussed in section III B4.
Let us now consider two different squeezing phases, φ = 0 and φ = π/2, which for θ = 0 correspond to amplitude and phase squeezing respectively. We obtain from (18)
where the minus (plus) sign is for φ = 0 (φ = π/2). When compared with the CL case, in the φ = π/2 case we get enhancement whereas in the φ = 0 case we get suppression of entanglement. This result is plotted in Fig. 1 , where we set τ = 0.1Γ −1 and κ = Γ/1000. This estimate for κ results from assuming a Gaussian beam focused on the atom with a lens of numerical aperture of about 0.l, consistent with the paraxial approximation [2, 6] . With these numbers, the assumption λ ≪ 1 is valid for r ≤ 3. Current state-of-the-art light squeezing experiments do not exceed r = 1.16 (see Sec. IV), therefore λ ≪ 1 is a very good assumption.
We repeat the tangle calculation for initial superposition states of the form 1 √ 2 e iθA |g + |e . In a Bloch sphere representation this state is represented by a vector lying in the equatorial xy plane with an angle θ A from the positive x direction. The tangle we get is
4π 2 π 1 + e i2θA e ∓r + 4e iθA e ±r 2 κτ, (20) where the upper (lower) sign refers to φ = 0 (φ = π/2). This expression is plotted in Fig. 1 for the two initial states θ A = 0 and θ A = π/2. For each initial state, a squeezing-phase-dependent enhancement and suppression compared with the CL case are observed. As could be expected from atom-SL interaction, we observe dependence on the relative phase between the squeezing phase, φ, and the phase of the average of the pulse, θ (which is chosen here to be 0). Furthermore, the tangle indeed depends on the atomic initial state. For fixed pulse phase, the change in entanglement for initial states that lie in the Bloch sphere equatorial xy plane depends on the difference between the squeezing phase and θ A .
Error probability calculation
The error probability of a quantum operation is just one minus the probability of the atomic qubit to be in the target state |η of the operation after the operation is performed. A classical light pulse can be chosen to transform an atom from the initial to a prescribed final state |η . When operating with the quantized pulse, the (17), calculated for the atom and the squeezed light pulse mode bipartite system vs the squeezing strength. The pulse duration is τ = 0.1Γ −1 and the coupling to the rest of the EM modes is neglected. The decay rate into paraxial modes is taken to be κ = Γ/1000. Results are shown for four atomic initial states and for the squeezing phases φ = 0, π/2, corresponding to amplitude and phase squeezing respectively. Compared with the coherent light case (r = 0), one obtains a squeezing-phase-dependent suppression and enhancement of the entanglement as squeezing gets larger.
operation is subject to quantum fluctuations. The fidelity F is the probability of the atom to be in |η after the quantized field has operated on it, F = η|ρ A |η , wherê ρ A is the density matrix that describes the, generally mixed, final state of the two-level atomic system. The error probability is then,
Since in the absence of the reservoir the sole error is that due to atom-pulse entanglement, we were able to find a simple analytic relation between the tangle and the error probability calculated up to O(λ 2 ), T ≈ 4P error . This linear relation implies that the results for P error follow similar trends to those for the tangle and are squeezing phase and initial atomic state dependent (Fig. 2) . For quantum information processing purposes the relevant error is that averaged over all possible atomic initial states, < P error >. The averaged error is calculated analytically using the fidelity of 6 different initial atomic states [27] < P error >≈ 0.0675e ±2r + 0.1665e ∓2r κτ,
where as before the upper (lower) sign is for φ = 0 (φ = π/2). This result is plotted as a function of squeezing in Fig. 3 . As can be seen the averaged error, < P error >, depends on the squeezing phase φ. For most values of the squeezing parameter r the average error is larger than in the CL case (r = 0). This implies that on average, more entanglement is generated between the atom and the pulse in SL than in CL case. Still one observes that for the region 0 < r < 0.45, and φ = 0 (amplitude squeezing), the average error drops relative to the error in the CL case. Though practically small, in this range of the squeezing parameter the SL operation has lower quantum limit to the operation error than with the CL pulse due to reduced intensity noise.
Discussion of the results

4a. Quantum interference
Consider the interactionŴ between the atom and the fluctuating part of the light pulse shown in Eq. (12) . In addition to the Jaynes-Cummings like atom-photon interaction termŴ 1 ≡ i(âσ + − h.c.), present also in the CL case, it contains a squeezing-dependent term
+â † − h.c. . Atomic and light mode excitations can be generated via bothŴ 1 andŴ 2 . These two paths interfere quantum mechanically resulting a dependence of atom-light entanglement and error probability on both squeezing and atomic phases.
Starting from |g, 0 we examine the bipartite state evolution under the first two operators in Eq. (16) . The classical field term,Û (0) , is evolving the state to |e, 0 via superpositions of |g, 0 and |e, 0 . Simultaneously the state evolves under the termŴ inÛ (1) . TheŴ 1 part of it couples only to |e, 0 evolving it to |g, 1 . TheŴ 2 part on the other hand couples only to |g, 0 and transform it to |e, 1 . Subsequent evolution underÛ 0 forms superpositions of |e, 1 and |g, 1 , the amplitudes of which are coherent sums (and therefore show interference) of evolution amplitudes under bothŴ 1 andŴ 2 . Quantitatively,
whereÛ 0 (ξ)|g/e, 0 = cos π 2 ξ |g/e, 0 ± sin π 2 ξ |e/g, 0 . The interference between evolution underŴ 1 andŴ 2 is clearly seen in the amplitudes of |e, 1 and |g, 1 . For large squeezing, i.e. s ∼ = c, and φ = 0, we get |e ⊗ |0 − 2 π λ|1 which contains no entanglement. For φ = π/2 we get |e, 0 + λ|g, 1 which is entangled with entanglement strength on the order of the interaction strength λ. This result is similar to that obtained for the tangle in III B2. For other atomic initial states similar calculations up to second order in λ were performed leading to the results shown in III B2 and III B3.
4b. Optical Bloch equation (OBE) with a noisy field
An intuitive understanding of the error results from Sec. III B can be obtained from the Bloch sphere picture. To this end we derive the OBE for a one mode SL field, starting from the Hamiltonian (8) 
As usual for SL, we define the quadrature operatorsX 1,2 =δ X 1,2 + x 1,2 witĥ
Hereδ X 1,2 are hermitian operators with zero average and x 1,2 are real numbers representing the averages of the quadratures. We then define the vectors
so that the Hamiltonian (8) becomeŝ
withˆ σ = (σ x ,σ y ,σ z ). The resulting Heisenberg equation
with all the operators written in the Heisenberg picture.
Rescaling the time tot = t/τ Eq. (27) becomes
where Ω = (gτ x/2) is the dimensionless Rabi vector and ζ = gτ . Recall that for a π pulse |α| = (π/2gτ ) and therefore | Ω| = O(1). Our calculation also assumes λ = cosh(r)ζ ≪ 1, i.e. even for matrix elements ofˆ δX which are of order cosh(r), ζˆ δX is still very small. We can then expand the operatorsˆ σ(t) =ˆ σ 0 (t) + ζˆ σ 1 (t) + ... and δX(t) =ˆ δX 0 (t) + ζˆ δX 1 (t) + ..., to obtain to first order in ζ,
The last term includes the cross product of the Heisenberg picture operators in the absence of atom-field interaction, so thatˆ σ 0 (t) is simply the solution of the OBE with the classical field Ω and describes evolution in the atomic part of the Hilbert space, andˆ δX 0 =ˆ δX(t = 0) is in the photonic part of the Hilbert space. The average over atomic degree of freedom can be defined on any operatorÔ to be Ô A ≡ tr A [ρ AÔ ], where A denotes the atom system andρ A is the reduced atomic density operator. Averaging equation (29) this way we get an OBE with a noisy field,
Note that ˆ σ A (t) andˆ δX 0 are operators in the photonic space and are therefore fluctuating, whereas ˆ σ 0 A (t) is just the c-number Bloch vector solution of an OBE driven by the average field Ω and it in fact equals to the average ofˆ σ(t) over both atomic and photonic degrees of freedom.
The term withˆ δX 0 is the one driven by the fluctuations of the field, which in our case are quadrature dependent SL fluctuations. For φ = 0, the uncertainties of the quadratures are ∆δ X 1 = e −r ≤ 1 and ∆δ X 2 = e r ≥ 1, i.e.δ X 1 has reduced fluctuations andδ X 2 has increased fluctuations relative to CL. For φ = π/2 we get the opposite.
We can now present the field in the Bloch sphere as seen in Fig. 4 . Taking real α (θ = 0) and squeezing phase φ = 0, the Rabi vector is pointing to the y direction (x 2 = 0) and is amplitude squeezed (∆δ X 1 < 1). Now consider an initial ground state, i.e. ˆ σ A is pointing to the −z direction. For a π pulse operation, the xy phase of the field is not relevant, and therefore phase noise of the field doesn't affect the operation. The only relevant noise is the amplitude noise which for φ = 0 is reduced relative to CL case. We thus expect to get a lower error in this operation as compared with the CL operation. For φ = π/2, the field has an increased amplitude noise (∆δ X 1 > 1), which results an increased error compared to the CL case. Now consider the y axis pointing initial state again for θ = 0. Since the Rabi vector is also pointing to the y direction the average "moment" obtained from the cross product is zero. Here only theδ X 2 "phase" noise, in the x direction, affects the qubit state. When this noise is increased (φ = 0) the error is larger than in the CL case, and when it is reduced (φ = π/2) the error gets lower. For an initial state pointing to the x direction, one can see that in general, bothδ X 2 andδ X 1 affect the operation, and therefore squeezing in any quadrature typically increases the operation error.
C. Entanglement and error probability calculations in the presence of the reservoir
We now wish to examine how accounting for the spontaneous emission into the reservoir of empty modes will modify the above results. To this end the full master equation, Eq. (13), has to be solved. We again assume λ ≪ 1 and work in the truncated basis {|g, 0 , |g, 1 , |e, 0 , |e, 1 }. We solve Eq. (13) numerically in this basis using κ = Γ/1000 and calculate the density matrixρ(τ ) of the bipartite final state. We then useρ(τ ) to evaluate the tangle and the error probability.
Tangle calculation
Within the truncated basis, the pulse mode is also a two-level system. We follow [24, 25] where a procedure for the tangle calculation of a two-qubit mixed state is given. Figure 5 presents the tangle as a function of the pulse duration τ . We assume squeezing of r = 1.16, which corresponds to 10 log 10 (e 2r ) = 10dB pulse mode quadrature noise reduction. The interaction with the reservoir changes atom-pulse entanglement when Γτ 1 and should generally decrease it for Γτ ≫ 1. Whenever the tangle is not suppressed by the SL operation, pulses shorter than 0.1Γ −1 are well accounted by neglecting the reservoir, i.e. extending the initial linear part of the plots. When SL operation suppresses the entanglement, the interaction with the reservoir becomes more dominant, and the effect of the reservoir can only be neglected for pulses shorter than 0.01Γ −1 .
Error probability calculation
The error probability is calculated using Eq. (21) . Figure 6 shows the results for τ = 0.1Γ −1 pulse duration. The tangle generated between the atom and the squeezed light pulse mode as a function of the pulse duration scaled to atom free space decay time Γ −1 . The squeezing of the pulse mode is taken to be r = 1.16, which corresponds to 10 log 10 (e 2r ) = 10dB quadrature noise reduction. As in Fig. 1 , κ = Γ/1000 is taken. The reservoir of the free space EM modes is included. Results for two atomic initial states are plotted. The effect of the reservoir is seen in the deviation from the initial linear part of the plots. This deviation begins as expected at times slightly shorter than τ ∼ Γ −1 , when entanglement is enhanced by SL (all cases here, apart from i|g + |e , φ = π/2). When entanglement is suppressed by SL, the effect of the reservoir is seen already at much smaller τ .
Let us now compare between Fig. 6 and Fig. 2 , where the reservoir has been neglected. We focus on the case of the initial state
(i|g + |e ). For r = 0, i.e. a CL pulse, the error of about 0.0244 seen in the left hand part of Fig. 6 is actually due to spontaneous emission to all the EM modes, as can be understood from the Mollow picture (see Ref. [5] ). The corresponding error in Fig.  2 is only 10 −5 . This suggests that owing to its small solid angle (κ = Γ/1000), the error due to coupling to the laser mode is overwhelmed by that due to coupling to the reservoir modes. When squeezing is introduced (r > 0), for φ = π/2, the atom-pulse entanglement is suppressed as seen in Fig. 2 . This suppression is hardly noticeable when the reservoir modes are included as one can see from Fig. 6 . Numerically, for r = 3, we find that the error decrease is 0.95 × 10 −5 . This matches what could be expected from Fig. 2 and demonstrates that the reservoir is the major cause of error in this case. On the other hand, for φ = 0, an increase of the error seen in Fig. 2 persists also in the presence of the reservoir, as can be seen in Fig. 6 . For very large squeezing this increase may become of the same order of magnitude as the error due to the spontaneous emission to all the EM modes. E.g. for r = 3 the increase seen in both Figs. 2 and 6 is ∼ 4 × 10 −3 , about 16.3% of the 0.0244 error induced by spontaneous emission. 
FIG. 6:
The error probability of an operation with a squeezed light π pulse on an atom vs squeezing strength. The pulse duration is τ = 0.1Γ −1 and atomic decay into all the reservoir modes is considered. As in Fig. 1 , κ = Γ/1000 is taken. The left plot is the calculation for i|g + |e atom initial state and the right one is for |g + |e . The dashed lines are for φ = 0 and the solid lines for φ = π/2.
IV. DISCUSSION
The results of Sec. III show that the entanglement between the pulse mode and the atom is indeed modified in a squeezing-phase-dependent way. However, the use of squeezed light would not reduce the average error compared with the CL case by a practicably useful amount. Despite its inapplicability for Quantum computing, the entanglement between SL and a single atom is of scientific interest, and would be interesting if observed experimentally.
Contrary to CL, where atom-light entanglement is probably too small to be detected, SL with a large squeezing parameter r and a right choice of phases, will eventually enhance SL-atom entanglement to experimentally detectable values. A direct measurement of entanglement would be through complete state tomography of the combined SL-atom state. The tangle would then be calculated from the reconstructed density matrix. The requirements for this experiment would be a squeezed light source with a sufficiently large squeezing parameter [28] , atomic state detection and photodetectors with sufficient efficiency. Alternatively, ignoring the light mode, the error in the final atomic state can be measured for various parameters, such as different squeezing phases, thus relaxing the need for an efficient photodetector.
Examples for squeezed light sources include four wave mixing in a nonlinear medium, optical parametric amplifiers, second harmonic generation and amplitude squeezed light from diode lasers among others [29] . All these sources can be pulsed, e.g. via electro-optic modulators. The initial light state we assumed for the control field was a single-mode squeezed state. Parametric down conversion (PDC) of short pulses could be considered as one example of a realization for such a light source. In [30, 31] the multimode pulsed SL produced by PDC is analyzed and described by a discrete set of squeezed modes. In fact, for some conditions of phase matching and pump pulse duration, only one of the modes of the discrete set is squeezed, resulting in a pulse in a single-mode squeezed state.
Even the most advanced single-mode squeezed light sources to-date cannot reach quadrature noise suppression greater than 10dB (r = 1.16) [29] . This means that the maximal error increase and tangle expected and therefore the minimal required detection error, will be of the order of a few 10 −4 (see Fig. 1 and 2) . Current state-of-the-art atomic state detection has an error which is of similar magnitude [32, 33] . However the efficiency of even the most advanced photodetectors is far from satisfying such low error rates. It therefore seems that a direct tangle measurement is currently unfeasible, however, an indirect indication for entanglement, detected through gate error enhancement, is within experimental reach.
One important limitation for observing the error modification effects in free space is the spacial overlap between the atom and the paraxial pulse mode. Similar limitations make up a major difficulty in observing the effect of the inhibition of the atom coherences decay in a squeezed vacuum reservoir, found by Gardiner [15] . In this context, other schemes, involving atom-squeezed vacuum interaction in a cavity, were considered [34] . Recent theoretical analysis and experiment however have shown a possibility of strong coupling of a laser mode to a single atom in free space [35, 36, 37] . The use of such beams, where the overlap between the incoming beam and the atomic dipole radiation pattern is large (κ ∼ Γ), may greatly enhance the effects discussed above.
In many experiments, a pair of ground, e.g. hyperfine, states of an atomic system is used as a qubit. Although the energy separation between ground states is typically in the radio-frequency range, quantum gates are often driven with a laser beam pair, off-resonance with a third optically excited level, in a Raman configuration. The limitations to hyperfine qubit coherence and gate fidelity due to the quantum nature of the Raman laser fields was investigated both experimentally and theoretically [38, 39] . In this case too, it is interesting to ask whether the use of, either independently or relatively, squeezed light fields would influence the gate error. An experiment, similar to that described above, but with a ground state qubit could benefit from the ground state qubit intrinsic longevity. In fact, a gate averaged error of few 10 −3 , dominated by laser classical noise and photon scattering, was recently measured on a single trapped-ion hyperfine qubit and a Raman laser gate [40] .
To conclude, we have calculated the entanglement between a short pulse of resonant squeezed light and a twolevel atom in free space during a qubit iσ y gate (a π pulse) and the resulting gate error. Several differences arise when comparing to coherent control with CL. As could be expected for squeezed light, three phases determine the error magnitude -the squeezing phase, the light phase and the phase of the initial qubit superposition. In comparison with the coherent light case, the error and the entanglement can be either enhanced or suppressed depending on the above phase relations. These entanglement enhancement and suppression effects naturally become stronger with squeezing and can get to a few orders of magnitude. For quantum information processing purposes the relevant error is that averaged over all possible initial states. We have shown that although in principal the average error can be reduced by using SL within a specific range of parameters, the resulting minimum error however would be of the same order of magnitude as that with CL. In fact, even when not averaged, but when taking into account the free space environment, the error is still mostly dominated by the atomic decay to the EM reservoir owing to a very small atom-pulse spacial overlap, so that any reduction is not likely do be detected experimentally. On the other hand, the effect of enhanced atom-pulse entanglement is of scientific interest and might even prove useful as a resource in some quantum communication schemes. A measurement of the increased error would be an indirect indication for the enhancement of entanglement by squeezing.
We note that u 00k ( r a ) is just the overlap of the k mode with the atom. This overlap includes some normalization of a quantization length in the beam direction, L, which should eventually be taken to be infinity, and which is multiplied by some effective area of the mode, A, evaluated at the atom's position, i.e. u 00k ( r a ) = 1/ √ AL. Considering the narrow band of k values around k 0 , A is approximately independent of k. The couplings g k are then written
As forĤ F , since all the modes discussed here, {q, i, k}, are eigenmodes of free space in the paraxial approximation, they have well-defined single-particle energies ω q , ω i and ω k respectively. The total Hamiltonian from Eq. (A.1) thus becomeŝ
